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ON SHRINKING TARGETS FOR Z
m
ACTIONS ON TORI
YANN BUGEAUD, STEPHEN HARRAP, SIMON KRISTENSEN
AND SANJU VELANI
Abstrat. Let A be an n ×m matrix with real entries. Consider the set BadA of
x ∈ [0, 1)n for whih there exists a onstant c(x) > 0 suh that for any q ∈ Zm the
distane between x and the point {Aq} is at least c(x) |q|−m/n. It is shown that the
intersetion of BadA with any suitably regular fratal set is of maximal Hausdor
dimension. The linear form systems investigated in this paper are natural extensions
of irrational rotations of the irle. Even in the latter one-dimensional ase, the results
obtained are new.
1. Introdution
Consider initially a rotation of the unit irle through an angle α. Identifying the
irle with the unit interval [0, 1) and the base point of the iteration with the origin,
we are onsidering the numbers 0, {α}, {2α}, . . . where { . } denotes the frational part.
If α is rational, the rotation is periodi. On the other hand, it is a lassial result of
Weyl [24℄ that any irrational rotation of the irle is ergodi. In other words, {qα}q∈N
is equidistributed for irrational α.
Almost every orbit of an ergodi transformation visits any xed set of positive mea-
sure innitely often. The `shrinking target problem' introdued in [9℄ formulates the
natural question of what happens if the target set  the set of positive measure 
is allowed to shrink with time. For example and more preisely, is there an optimal
`shrinking rate' for whih almost every orbit visits the shrinking target innitely often?
In the spei ase of irrational rotations of the irle, the shrinking target sets orre-
spond to subintervals of [0, 1) whose lengths deay aording to some speied funtion
ψ. In other words, the problem translates to onsidering inequalities of the type
‖qα− x‖ < ψ(q), (1)
where x ∈ [0, 1) and ‖ . ‖ denotes the distane to the nearest integer. The following
statement dates bak to Khinthine [10℄ and gives the `optimal' hoie of ψ in the
non-trivial ase that α is irrational and x 6= sα + t for any integers s and t. The
inequality
‖qα− x‖ < C(α)
q
(2)
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is satised for innitely many integers q with C(α) := 1
4
√
1− 4λ(α)2  the quantity
λ(α) := lim infq→∞ q ‖qα‖ is the Marko onstant of α. Note that λ(α) is stritly
positive whenever α is badly approximable by rationals. Thus, the above statement
strengthens a result of Minkowski [18℄; namely that (2) has innitely many solutions
with C(α) = 1
4
. In the trivial ase that α is irrational and x = sα+ t for some integers
s and t, the lassial theorem of Hurwitz implies that the inequality
‖qα− x‖ < 1 + ǫ√
5q
(ǫ > 0) (3)
is satised for innitely many integers q. Sine (3) is weaker than (2), it follows that
for any irrational α and any x the inequality (3) has innitely many solutions. We now
desribe a metrial statement in whih the right hand side of (3) and indeed (2) an be
signiantly improved  at a ost!
Kurzweil [14℄ showed that, for any non-inreasing funtion ψ : N → R>0 suh that∑
ψ(q) =∞ and for almost every irrational α, the set of x for whih (1) has innitely
many solutions is of full Lebesgue measure. This annot be improved upon in the sense
that there exist irrational α and a funtion ψ for whih
∑
ψ(q) = ∞, but the `full
measure' onlusion fails to hold. Hene, the `almost every' aspet of Kurzweil's result
does not extend to all irrationals α without modiation  the divergent sum ondition
is not enough.
Over the last few years, there has been muh ativity in investigating the shrinking
target problem assoiated with irrational rotations of the irle. For example, when
ψ(q) := q−v (v > 1), Bugeaud [3℄ and independently Shmeling & Trubetskoy [21℄ have
obtained the Hausdor dimension of the set of x for whih inequality (1) has innitely
many solutions. Fayad [8℄, A.-H. Fan & J. Wu [7℄, Kim [11℄ and Tseng [22, 23℄ have
built upon the work of Kurzweil in various diretions. In partiular, Kim has proved
that for any irrational α, the set of x for whih
lim inf
q→∞
q ‖qα− x‖ = 0 (4)
has full measure. Rather surprisingly, Beresnevih, Bernik, Dodson & Velani [1℄ have
shown that this result and indeed the dimension result of Bugeaud and Shmeling
& Trubetskoy are onsequenes of the fat that for any irrational α and any x the
inequality (3) has innitely many solutions.
The result of Kim is the underlying motivation for our work. In this paper we
investigate the omplementary measure zero set assoiated with (4); namely
Badα :=
{
x ∈ [0, 1) : ∃ c(x) > 0 s.t. ‖qα− x‖ ≥ c(x)
q
∀ q ∈ N
}
. (5)
In fat, we will be onerned with more general ations than rotations of the irle.
Broadly speaking, there are two natural ways to generalise irle rotations. One option
is to inrease the dimension of the torus; i.e. to onsider the sequene {qα} in [0, 1)n
where α = (α1, . . . , αn)
T ∈ Rn. The other option is to inrease the dimension of the
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group ating on the torus; i.e. to onsider the sequene {α·q} where α = (α1, . . . , αm) ∈
R
m
and q = (q1, . . . , qm)
T ∈ Zm.
It is possible to onsider both the above mentioned options at the same time by
introduing a Z
m
ation on the n-torus by n × m matries. Indeed, we may onsider
the points {Aq} ∈ [0, 1)n where A ∈ Matn×m(R) is xed and q runs over Zm. In this
ase, the natural analogue of Badα is the set
BadA :=
{
x ∈ [0, 1)n : ∃ c(x) > 0 s.t. ‖Aq− x‖ ≥ c(x)
|q|m/n
∀ q ∈ Zm \ {0}
}
.
Here and throughout, for a vetor x in Rn we will denote by |x| the maximum of the
absolute values of the oordinates of x; i.e. the innity norm of x. Also, ‖x‖ :=
miny∈Zn |x− y|.
The underlying goal of this paper is to show that no matter whih of the Z
m
ations
dened above we hoose, the set BadA is of maximal Hausdor dimension.
Theorem 1. For any A ∈ Matn×m(R),
dimBadA = n .
In terms of the more familiar setting of irrational rotations of the irle, the theorem
reads as follows.
Corollary 1. For any α ∈ R,
dimBadα = 1 .
Note that if α is rational, the set Badα is easily seen to ontain all points in the unit
interval bounded away from a nite set of points. Thus, for rational α not only is
Badα of full dimension but it is of full Lebesgue measure. In higher dimensions, similar
phenomena our in whih the nite set of points is replaed by a nite set of ane
subspaes. The reader is referred to [5℄ and 5 below for further details.
Inspired by the works of Kleinbok & Weiss [12℄ and Kristensen, Thorn & Velani [13℄,
we shall dedue Theorem 1 as a simple onsequene of a general statement onerning
the intersetion of BadA with ompat subsets of R
n
. The latter inludes exoti fratal
sets suh as the Sierpinski gasket and the van Koh urve.
2. The setup and main result
Let (X, d) be a metri spae and (Ω, d) be a ompat subspae of X whih supports
a non-atomi nite measure µ. Throughout, B(c, r) will denote a losed ball in X with
enter c and radius r. The measure µ is said to δ-Ahlfors regular if there exist stritly
positive onstants δ and r0 suh that for c ∈ Ω and r < r0
arδ ≤ µ(B(c, r)) ≤ brδ ,
4 YANN BUGEAUD, STEPHEN HARRAP, SIMON KRISTENSEN AND SANJU VELANI
where 0 < a ≤ 1 ≤ b are onstants independent of the ball. It is easily veried that if
µ is δ-Ahlfors regular then the Hausdor dimension of Ω is δ; i.e.
dimΩ = δ . (6)
For further details inluding the denition of Hausdor dimension the reader is referred
to [17℄.
In the above, take X = Rn and let L denote a generi (n−1)-dimensional hyperplane.
For ǫ > 0, let L(ǫ) denote the ǫ-neighbourhood of L. The measure µ is said to be
absolutely α-deaying if there exist stritly positive onstants C, α and r0 suh that for
any hyperplane L, any ǫ > 0, any x ∈ Ω and any r < r0,
µ(B(x, r) ∩ L(ǫ)) ≤ C
( ǫ
r
)α
µ(B(x, r)).
It is worth mentioning that if µ is δ-Ahlfors regular and absolutely α-deaying, then µ
is an absolutely friendly measure as dened in [20℄.
Armed with the notions of Ahlfors regular and absolutely deaying, we are in the
position to state our main result.
Theorem 2. Let K ⊆ [0, 1]n be a ompat set whih supports an absolutely α-deaying,
δ-Ahlfors regular measure µ suh that δ > n− 1. Then, for any A ∈ Matn×m(R),
dim(BadA ∩K) = δ.
In view of (6), the theorem an be interpreted as stating that within K the set BadA
is of maximal dimension. It is easily seen that Theorem 1 is a onsequene of Theorem
2  simply take K = [0, 1]n and µ to be n-dimensional Lebesgue measure. Trivially,
n-dimensional Lebesgue measure is n-Ahlfors regular and absolutely 1-deaying. More
exotially, the natural measures assoiated with self-similar sets in R
n
satisfying the
open set ondition are absolutely α-deaying and δ-Ahlfors regular  see [12, 20℄. Thus,
Theorem 2 is appliable to these sets whih in general are of fratal nature.
Although Theorem 2 onstitutes our main result, we state an `auxiliary' result in
this setion for the simple fat that it is new and of independent interest. In short, it
strengthens and generalises a theorem of Pollington [19℄ and de Mathan [15, 16℄ that
answers a question of Erd®s. A sequene {yi} :=
{
yi := (y1,i, . . . , yn,i)
T ∈ Zn \ {0} } is
said to be launary if there exits a onstant λ > 1 suh that
|yi+1| ≥ λ |yi| ∀ i ∈ N .
Given a sequene {yi} in Zn, let
Bad{yi} := {x ∈ [0, 1]n : ∃ c(x) > 0 s.t. ‖yi · x‖ ≥ c(x) ∀ i ∈ N} .
Theorem 3. Let {yi} be a launary sequene in Zn. Furthermore, let K ⊆ [0, 1]n be a
ompat set whih supports an absolutely α-deaying, δ-Ahlfors regular measure µ suh
that δ > n− 1. Then
dim(Bad{yi} ∩K) = δ.
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On setting n = 1, K = [0, 1] and µ to be one-dimensional Lebesgue measure, Theorem
3 orresponds to the theorem of Pollington and de Mathan referred to above.
3. Preliminaries for Theorem 3
The proof of Theorem 3 makes use of the general framework developed in [13℄ for
establishing dimension statements for a large lass of badly approximable sets. In
this setion we provide a simpliation of the framework that is geared towards the
partiular appliation we have in mind. In turn, this will avoid exessive referening to
the onditions imposed in [13℄ and thereby improve the larity of our exposition.
As in 2, let (X, d) be a metri spae and (Ω, d) be a ompat subspae of X whih
supports a non-atomi nite measure µ. Let R := {Rα ∈ X : α ∈ J} be a family of
subsets Rα of X indexed by an innite ountable set J . The sets Rα will be referred to
as the resonant sets. Next, let β : J → R>0 : α 7→ βα be a positive funtion on J suh
that the number of α ∈ J with βα bounded above is nite. Thus, βα tends to innity
as α runs through J . We are now in the position to dene the badly approximable set
Bad(R, β) :=
{
x ∈ Ω : ∃ c(x) > 0 s.t. d(x,Rα) ≥ c(x)
βα
∀ α ∈ J
}
,
where d(x,Rα) := infa∈Rα d(x, a). Loosely speaking, Bad(R, β) onsists of points in Ω
that `stay lear' of the family R of resonant sets by a fator governed by β.
The goal is to determine onditions under whih dimBad(R, β) = dimΩ; that is
to say that the set of badly approximable points in Ω is of maximal dimension. With
this in mind, we begin with some useful notation. For any xed integer k > 1 and any
integer n ≥ 1, let Bn := {x ∈ Ω : d(c, x) ≤ 1/kn} denote a generi losed ball in Ω of
radius 1/kn with entre c in Ω. For any θ ∈ R>0, let θBn := {x ∈ Ω : d(c, x) ≤ θ/kn}
denote the ball Bn saled by θ. Finally, let J(n) := {α ∈ J : kn−1 ≤ βα < kn}. The
following statement is a simple onsequene of ombining Theorem 1 and Lemma 7 of
[13℄ and realises the above mentioned goal.
Theorem KTV. Let (X, d) be a metri spae and (Ω, d) be a ompat subspae of X
whih supports of a δ-Ahlfors regular measure µ. Let k be suiently large. Then for
any θ ∈ R>0, any n ≥ 1 and any ball Bn there exists a olletion C(θBn) of disjoint
balls 2θBn+1 ontained within θBn suh that #C(θBn) ≥ κ1 kδ . In addition, suppose
for some θ ∈ R>0 we also have that
#
{
2θBn+1 ⊂ C(θBn) : min
α∈J(n+1)
d(c, Rα) ≤ 2θk−(n+1)
}
≤ κ2kδ , (7)
where 0 < κ2 < κ1 are absolutely onstants independent of k and n. Furthermore,
suppose
dim (∪α∈JRα) < δ . (8)
Then
dimBad(R, β) = δ .
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Note that the theorem together with (6) implies that dimBad(R, β) = dimΩ.
4. Proof of Theorem 3
We are given a launary sequene {yi}. For eah index i ∈ N and any integer p,
onsider the hyperplane Lp,i := {x ∈ Rn : yi · x = p} . It is easily veried that
Bad{yi}∩K is equivalent to the set of x in K for whih there exists a onstant c(x) > 0
suh that x avoids the c(x)/ |yi|2neighbourhood of Lp,i for every hoie of i and p;
that is
Bad{yi} ∩K =
{
x ∈ K : ∃ c(x) > 0 s.t. min
y∈Lp,i
|x− y|2 ≥
c(x)
|yi|2
∀ (p, i) ∈ Z× N
}
.
Here | . |2 is the standard Eulidean norm in Rn. With referene to 3, set
X := Rn , Ω := K , d := | . |2 , J := {(p, i) ∈ Z× N} ,
α := (p, i) ∈ J , Rα := Lp,i and βα := |yi|2 .
It follows that
Bad(R, β) = Bad{yi} ∩K .
The upshot of this is that the proof of Theorem 3 is redued to showing that the
onditions of Theorem KTV are satised.
For k > 1 and m ≥ 1, let Bm be a generi losed ball of radius k−m and entre in K.
For k suiently large and any θ ∈ R>0, Theorem KTV guarantees the existene of a
olletion C(θBm) of disjoint balls 2θBm+1 ontained within θBm suh that
#C(θBm) ≥ κ1 kδ .
The positive onstant κ1 is independent of k and n. We now endeavor to show that
the additional ondition (7) on the olletion C(θBm) is satised. To this end, set
θ := (2k)−1 and proeed as follows. Fix m ≥ 1 and assume that there exists an index i
suh that
km ≤ |yi|2 < km+1 . (9)
If this was not the ase, the left hand side of (7) is zero and the additional ondition is
trivially satised. Assoiated with the index i is the family of hyperplanes {Lp,i : p ∈ Z}.
The distane between any two suh hyperplanes is at least |yi|−12 > k−(m+1). The
diameter of the ball θBm is k
−(m+1)
. Thus, for any element of the sequene {yi}
satisfying (9) there is at most one hyperplane passing through θBm. Assume, the
hyperplane Lp,i passes through θBm and onsider the ounting funtion
ω(m, p, i) := #
{
2θBm+1 ⊂ C(θBm) : 2θBm+1 ∩ Lp,i 6= ∅
}
.
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The balls 2θBm+1 are disjoint and eah is of diameter 4θk
−(m+1)
. Thus, on setting
ǫ := 8θk−(m+1) it follows that
ω(m, p, i) ≤ #
{
2θBm+1 ⊂ C(θBm) : 2θBm+1 ⊂ L(ǫ)p,i
}
≤ µ(θBm ∩ L
(ǫ)
p,i)
µ(2θBm+1)
.
On making use of the fat that µ is absolutely α-deaying and δ-Ahlfors regular, it is
readily veried that
ω(m, p, i) ≤ κ kδ−α .
The absolute onstant κ is dependent only on α and δ. Next, let υ(m, {yi}) denote the
number of elements of the sequene {yi} satisfying (9). Sine {yi} is launary, we nd
that for k suiently large
υ(m, {yi}) ≤ 1 + log(
√
n k)/ log λ <
κ1
2 κ
kα .
Here, λ > 1 is the lauarity onstant and we have used the fat that |y| ≤ |y|2 ≤
√
n |y|
for y ∈ Zn. On ombining the above upper bound estimates, we have that
l.h.s. of (7) < υ(m, {yi}) × ω(m, p, i)
≤ κ1
2κ
kα × κkδ−α = 1
2
κ1k
δ .
Thus, with θ := (2k)−1 the olletion C(θBm) satises (7). Finally, note that the
olletion {Lp,i : (p, i) ∈ Z× N} of hyperplanes (resonant sets) is ountable and so
dim (∪Lp,i) = n− 1 .
We are given that δ > n − 1 and so (8) is trivially satised. Thus, the onditions of
Theorem KTV are satised and Theorem 3 follows.
5. Preliminaries for Theorem 2
The proof of Theorem 2 makes use of the existene of `speial' sequenes whih for
the most part are onstruted in [5℄. Throughout, Mat∗n×m(R) will denote the olletion
of matries A ∈ Matn×m(R) for whih the assoiated group G := ATZn + Zm has rank
n+m. In Setion 3 of [5℄, it is shown that assoiated with eah matrix A ∈ Mat∗n×m(R)
there exists a sequene {yi} of integer vetors yi = (y1,i, . . . , yn,i)T ∈ Zn satisfying the
following properties:
(i) 1 = |y1| < |y2| < |y3| < . . . ,
(ii)
∥∥ATy1∥∥ > ∥∥ATy2∥∥ > ∥∥ATy3∥∥ > . . . ,
(iii) For all non-zero y ∈ Zn with |y| < |yi+1| we have that
∥∥ATy∥∥ ≥ ∥∥ATyi∥∥ .
Suh a sequene {yi} is referred to as a sequene of best approximations to A. In the
one-dimensional ase (n = m = 1), when A is an irrational number α, the sequene
of best approximations is preisely the sequene of denominators assoiated with the
onvergents of the ontinued fration representing α.
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Let {yi} be a sequene of best approximations to a matrix A ∈ Mat∗n×m(R). A further
property enjoyed by {yi}, is that∥∥ATyi∥∥ ≤ |yi+1|−m/n ∀ i ∈ N. (10)
This property is easily dedued via Dirihlet's box priniple  see Setion 3 of [5℄ for
the details.
The following result, whih is taken from Setion 5 of [5℄, enables us to extrat a
launary subsequene from a given sequene of best approximations. This will allow us
to utilise Theorem 3 in the ourse of establishing Theorem 2.
Lemma BL. Let A ∈ Mat∗n×m(R) and let {yi} be a sequene of best approximations
to A. Then, there exists an inreasing funtion φ : N → N suh that φ(1) = 1 and for
i ≥ 2 ∣∣yφ(i)∣∣ ≥ √9n ∣∣yφ(i−1)∣∣ and ∣∣yφ(i−1)+1∣∣ ≥
∣∣yφ(i)∣∣
9n
. (11)
It is lear that the sequene
{
yφ(i)
}
is launary and that it also satises (10); i.e.∥∥ATyφ(i)∥∥ ≤ ∣∣yφ(i)+1∣∣−m/n ∀ i ∈ N. (12)
The next inequality follows diretly from the denition of the norms involved. For
any x and y in Rk, we have that
‖x · y‖ < k |x| ‖y‖ . (13)
We end this setion with a short disussion that allows us to assume that A ∈
Mat∗n×m(R) when proving Theorem 2. With this in mind, suppose A ∈ Matn×m(R)
and that the rank of the assoiated group G := ATZn + Zm is stritly less than n+m.
Then, it is easily veried that {Aq : q ∈ Zm} is restrited to at most a ountable family
of positively separated, parallel hyperplanes in R
n
. Let F denote the set of these
hyperplanes. Then,
K \ F = BadA ∩K .
We are given that δ > n − 1 whih together with (6) implies that dimK is stritly
greater than dimF . Thus, dim(K \ F ) = dimK and the statement of Theorem 2
follows for any A /∈ Mat∗n×m(R).
6. Proof of Theorem 2
Without loss of generality, assume that A ∈ Mat∗n×m(R) and let {yi} be a sequene of
best approximations to A. In view of Lemma BL, there exists a launary subsequene{
yφ(i)
}
of the sequene of best approximations. For any c > 0, let
B{yφ(i)}(c) :=
{
x ∈ K : ∥∥yφ(i) · x∥∥ ≥ c ∀ i ∈ N} .
It is readily veried that Bad{yφ(i)} ∩K =
⋃
c>0B{yφ(i)}(c) and that
dimB{yφ(i)}(c) → dim (Bad{yφ(i)} ∩K) as c→ 0 .
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For c suiently small, suppose for the moment that
B{yφ(i)}(c) ⊆ BadA ∩K . (14)
On utilising Theorem 3, it follows that
dim (Bad{yφ(i)} ∩K) ≥ dimB{yφ(i)}(c) → δ as c→ 0 .
The upshot of this is that dim (Bad{yφ(i)} ∩ K) ≥ δ. For the omplementary upper
bound statement, trivially
dim (Bad{yφ(i)} ∩K) ≤ dim K
(6)
= δ .
This ompletes the proof of Theorem 2 modulo the inlusion (14).
To establish (14), x a point x in B{yφ(i)}(c) and let q be any non-zero integer vetor.
For c suiently small, there exists an index i ∈ N suh that
∣∣yφ(i)∣∣ ≤ 9n
(
2m
c
)m/n
|q|m/n < ∣∣yφ(i+1)∣∣ . (15)
The existene of suh an index is guaranteed by the rst of the inequalities in (11) as
long as c is suiently small. By the denition of B{yφ(i)}(c) and the trivial equality
yφ(i) · x = q · ATyφ(i) − yφ(i) · (Aq− x),
we immediately have that
0 < c ≤ ∥∥yφ(i) · x∥∥ = ∥∥q · ATyφ(i) − yφ(i) · (Aq− x)∥∥ . (16)
On applying the triangle inequality and making use of (13), it follows that
c ≤ m |q|∥∥ATyφ(i)∥∥+ n ∣∣yφ(i)∣∣ ‖Aq− x‖ . (17)
However,
m |q|∥∥ATyφ(i)∥∥ (12)≤ m |q| ∣∣yφ(i)+1∣∣−n/m (15)≤ m
(9n)n/m 2m
c
(∣∣yφ(i+1)∣∣∣∣yφ(i)+1∣∣
)n/m
(11)
≤ c
2
and
n
∣∣yφ(i)∣∣ ‖Aq− x‖ (15)≤ 9n2
(
2m
c
)m/n
|q|m/n ‖Aq− x‖ ,
whih together with (17) yields that
‖Aq− x‖ > c
m/n+1
9n2(2m)m/n
|q|−m/n .
In other words, for any c suiently small
B{yφ(i)}(c) ⊆
{
x ∈ K : ∃ c(x) > 0 s.t. ‖Aq− x‖ ≥ c(x)
|q|m/n
∀ q ∈ Zm \ {0}
}
.
The right hand side is BadA ∩K and this establishes (14) whih in turn ompletes the
proof of Theorem 2.
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